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Abstract 



In the first part of this short article, we define a renormalized If-functional for 
perturbations of non-compact steady Ricci solitons. This functional motivates 
a stability inequality which plays an important role in questions concerning 
the regularity of Ricci-flat spaces and the non-uniqueness of the Ricci flow 
with conical initial data. In the second part, we define a geometric invariant 
Xaf for asymptotically flat manifolds with nonnegative scalar curvature. This 
invariant gives a quantitative lower bound for the ADM-mass from general 
relativity, motivates a Ricci flow proof of the rigidity statement in the positive 
mass theorem, and eventually leads to the discovery of a mass decreasing flow 
in dimension three. 

Introduction 

The purpose of this short article is to introduce some concepts showing an intriguing 
relationship between Perelman's energy-functional, the stability of Ricci-flat spaces, 
and the ADM-mass from general relativity. These ideas will be exploited further in 
our subsequent papers [11] and [12]. 

To start with, in his famous paper [17], Perelman introduced the energy-functional 



for a metric g and a function / on a closed manifold M. If g evolves by Hamil- 
ton's Ricci flow and e~f by the adjoint heat equation, we have the fundamental 
monotonicity formula 



with equality precisely on steady gradient Ricci solitons. Ricci solitons (for a recent 
survey see [6]) are the fixed points of the Ricci flow up to diffeomorphism and scal- 
ing, and play a crucial role in understanding the formation of singularities. 







In fact, all steady solitons on a closed manifold are Ricci-flat, but there exist non- 
trivial gradient steadies on complete manifolds. A nice example is the rotationally 
symmetric steady gradient Ricci soliton on R n (n > 3) discovered by Bryant [5]. The 
Bryant soliton has positive curvature and looks like a paraboloid, where the spheres 
of geodesic radius r have diameter of order ^fr. The scalar curvature decays like - 
and the potential / behaves asymptotically like — r. From these asymptotics it is 
immediate that 3" = oo on the Bryant soliton. 

Nevertheless, we manage to make sense of the 3~- functional in the situation where 
(M,g s ,f s ) is a non-compact steady gradient Ricci soliton (e.g. the Bryant soliton) 
and g and / are a nearby metric and function on M. The idea is to consider the rel- 
ative energy 3"( 5s '^)(g, /) := 3~(g, /) — 3~(<? s , / s ), where oo — oo gives a finite quantity 
when suitably interpreted. Actually, we find it technically more convenient to give 
a slightly different definition, and we call the resulting functional the renormalized 
energy 3~(fs>/s) (Definition 1.1). 

It turns out that (g s ,fs) is a critical point of this functional if the possibly infi- 
nite total measure J M e~^dV is kept fixed (Theorem 1.2). The second variation at 
(g s ,f s ) is of fundamental importance (Theorem 1.3). It motivates us to introduce 
the stability inequality for steady gradient Ricci solitons, 



for all h E kerdiv^ with compact support. Here Hm(h,h) = Rijkihikhji and we 
restrict to variations h satisfying div(e - ^/i) = 0. Applications of inequality (3) 
appear in [12]. In particular, we will show that many Ricci-flat cones in small di- 
mensions are unstable, and discuss a conjecture of Tom Ilmanen relating the stability 
of Ricci-flat cones, the existence of positive scalar curvature deformations, and the 
non-uniqueness of Ricci flow with conical initial data (see also [10] for ancient Ricci 
flows coming out of unstable closed Ricci-flat manifolds, and [18] for Ricci flows 
coming out of positively curved cones) . 

For asymptotically flat manifolds (M, gij) with nonnegative scalar curvature, we 
also define a geometric invariant Aaf(<?) (Definition 2.1), motivated by Perelman's 
A-functional for closed manifolds. This invariant is closely related with the positive 
mass theorem in general relativity. Recall that the ADM- mass [1, 2] is defined as 



Physical arguments suggest that the mass is always nonnegative. Schoen and Yau 
proved that this is indeed the case in dimension n < 7 using minimal surface tech- 
niques [19]. Huisken and Ilmanen found a different proof for n = 3 based on the 
inverse mean curvature flow [13]. Witten discovered a proof for spin manifolds of 
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arbitrary dimension using Dirac spinors [20] . Recently, Lohkamp announced a proof 
of the positive mass theorem valid in all dimensions and without spin assumption 
based on singular minimal surface techniques [14]. 

For the sake of exposition, the following discussion contains some facts well known 
to experts. Indeed, it is well known that conformal deformations can decrease the 
mass and that deformations in direction of the Ricci curvature can be used to prove 
the rigidity statement in the positive mass theorem. Our main motivation is to 
explain the relationship with the Ricci flow and Perelman's A-functional. 

This said, it is an interesting problem to find quantitative lower bounds for the 
ADM-mass in terms of other geometric quantities. In fact, the Penrose inequality 
gives such a quantitative lower bound in terms of the area of the outermost minimal 
surface, at least for n < 7 [13, 3, 4]. Our geometric invariant \af(9) also gives a 
quantitative lower bound for the ADM-mass, i.e. 

mADM(g) > ^AF(g), (5) 

at least for spin-manifolds or in dimension n < 7. For spin-manifolds this directly 
follows from Witten's formula (Theorem 2.3), and in fact the positive mass theorem 
combined with a conformal transformation implies a slightly stronger lower bound 
(Theorem 2.6). The discrepancy comes from the difference between the operator 
— 4A + R and the conformal Laplacian — ^^^A + R and disappears in the limit 
n — > oo. Our motivation for stating the inequality in the weaker form (5) is that 
this is better adapted to Ricci flow techniques. As an application, we give a Ricci 
flow proof of the rigidity statement in the positive mass theorem (Theorem 2.9). 

Guided by these ideas, we can revisit the pressing question if there exists a geometric 
flow that decreases the ADM-mass. Indeed, we discovered such a flow in dimension 
three, and this flow conjecturally squeezes out all the mass of an asymptotically 
flat 3-manifold with nonnegative scalar curvature. Our flow is based on conformal 
rescalings and the Ricci flow with surgery and will be discussed in [11]. 

This article is organized as follows: Section 1 is about 3W<»f°) anc j ^he stability in- 
equality. Section 2 is about Aaf and the positive mass theorem. 

Acknowledgements. I thank Tom Ilmanen and Richard Schoen for interesting dis- 
cussions, Simon Brendle, Stanley Deser, Reto Miiller, Michael Siepmann and Miles 
Simon for useful comments, and the Swiss National Science Foundation for partial 
financial support. 

1 The renormalized 3~-functional 

Let (M,g s ,f s ) be a steady gradient Ricci soliton. This means that (M,g s ) is a 
smooth, connected, complete Riemannian manifold and f s : M — > R is a smooth 
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function such that the following equation holds: 

Rc(<7 s ) + Hess 9s (/ S ) = 0. (6) 

Steady gradient Ricci solitons always have nonnegative scalar curvature and corre- 
spond to eternal Ricci flows moving only by a diffeomorphism [21]. 

Definition 1.1. Let c s := R(g s ) + |V/ s |g s > be the central charge (or auxilary 
constant) of the steady soliton. We define the renormalized energy 

?(9sJs) {g J) := f (R( g ) + | V /|; - c s ) e-fdV g . (7) 

J M 

By construction, this is well defined and finite if (g — g s , f — f s ) has compact support 
(or decays sufficiently fast), in particular, 3^ a '^(g s , f s ) = 0. 

The variational structure of compact Ricci-flat metrics has been discussed in [7] and 
[10]. We will now carry out a similar discussion for non-compact gradient steady 
Ricci solitons using our renormalized functional 3^ s ^ s > . Let g be a metric, h a 
symmetric 2-tensor, and / and I functions on M. 

Theorem 1.2. If(g—g s , f—f s ) and (h, I) have compact support (or decay sufficiently 
fast), then the first variation of Sw>»f») at (g,f) is well defined and given by the 
following formula: 

£\ ?( 9 s,fs) {g + £hJ + d) (8) 

= f [-(/i,Rc+V 2 /) + (|tr/t-Z) (2A/- \V f\ 2 + R - c s )] e~ f dV. 

In particular, (g s ,f s ) is a critical point, if the (possibly infinite) total measure 
Im e ~^dV is kept fixed in the sense that f M (itr/i - I) e~ f dV = 0. 

Proof. Equation (8) follows from a computation as in [17]. Moreover, by the traced 
soliton equation and the definition of c s we have 

2A 9s / s - \Vf s \l + R g3 -c s = -2c s , (9) 

and the last statement follows easily. □ 

In the next theorem, we will use the notation div/(-) = e^div(e~^-). 

Theorem 1.3. If (h,l) has compact support (or decays sufficiently fast), then: 



d 2 

ds- 



o^"\g s + Eh,f s + El) (10) 



[-i|V/i| 2 + Rm(h, h) + |div /a /i| 2 ] e~ fs dV 
+ 2 1 [|V (itr/i - l)\ 2 + (|tr/i - I) div /s div /s /i - c s (|tr/i - l) 
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Proof. We write (g,f) = (g s ,f s ) and (g £ ,f £ ) = (g + eh, f + el). Similar as in [8, 
Lemma 2.3], using the soliton equation we obtain 



|o (Rc 9e + Hess 9£ f £ ) = -\A f h - Rm(h, .) - dw* f dw f h + V 2 (Z - §trfc), (11) 



where Af = A — V/ • V, and divy is the formal L 2 (M,e -^(iy)-adjoint of divj. 
Another computation using the soliton equation shows 

£\o {2A g J £ - \Vf\l + R gs ) = 2A f (l - ±trh) + div/div,/*. (12) 

Using this, Theorem 1.2, the soliton equation, and (9) we obtain 

jgrloS^Gfe,/.) (13) 



+ 



[l(h,A f h) + Rm(h,h) + {h,div* f div f h) - (h,V 2 (l - |tr/i))] e~ f dV 

/ [{\trh - I) (2A f (I - |tr/t) +div / div / /i) - 2c s (|tr/i - l)] e~ f dV, 
Jm 



and the claim follows from partial integration. □ 

Restricting to h € kerdivj s (this corresponds to choosing a slice for the action of 
the diffeomorphism group) and setting I = ^tih (this corresponds to keeping the 
measure e~^dV fixed), Theorem 1.3 motivates the stability inequality (3). 

Remark 1.4. In particular, the stability inequality for Ricci-flat manifolds or cones 
is 

/ 2Rm(h,h)dV < [ \Vh\ 2 dV (14) 

for all h € kerdiv with compact support. As mentioned in the introduction, impor- 
tant consequences of this inequality are discussed in [12]. 



2 Xaf and the positive mass theorem 

For perturbations of (M,g s ,f s ) = (B. n ,5, 0) with nonnegative scalar curvature, or 
more generally for asymptotically flat manifolds with nonnegative scalar curvature 
we define a functional Xaf as follows: 

Definition 2.1. Assume (M n ,gij) is a complete asymptotically flat manifold of 
order r > with nonnegative scalar curvature. We define 

X AF (g) := inf / (4|Vw| 2 + Rw 2 ) dV, (15) 
Jm 

where the infimum is taken over all w E C°°(M) such that w = 1 + 0(r~ r ) at 
infinity (here the O notation includes the condition that the derivatives also decay 
appropriately) . 
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Remark 2.2. We could also define renormalized A-functionals for perturbations of 
non-flat steadies (M, g s , f s ). However, in that case we find it technically more con- 
venient to work with !j(sa,f s ) anc j ^ Q g x ^ e me asure e~f dV. 

Theorem 2.3. Assume (M n ,gij) is a complete asymptotically flat spin manifold of 
order r > with nonnegative scalar curvature. Then 

m ADM {g) > AafO)- (16) 
Proof. By Witten's formula [20, 2, 15] for the mass of spin manifolds, 

m ADM (g)= [ (4|Wf + i?|vf;w (17) 

JM 

where tp is a Dirac spinor with asymptotically unit norm. Thus, recalling Defini- 
ton 2.1, using w = \tp\ as a test function, and using Kato's inequality, the claim 
immediately follows. □ 

Remark 2.4. Note that \af and tuadm are finite if and only if the scalar curvature 
is integrable. 

Remark 2.5. The physical interpretation of Witten's formula (17) is that the Dirac 
spinor with asymptotic boundary conditions is a test field that measures the mass 
of the gravitational field. Similarly, one of our motivations for Definiton 2.1 is to 
minimize over all test fields w = e~^ 2 with the asymptotic boundary conditions 
coming from the trivial potential f s = 0. Instead of the Dirac field, we use a Klein- 
Gordon field. This test field interpretation of the mass also motivates (5). 

As mentioned in the introduction the inequality (5) is well adapted to Ricci flow 
techniques, but not sharp in general. From the refined Kato inequality for Dirac 
spinors, |V|^|| < ^/l — l/n\Vif)\, one gets a slightly better but still not sharp bound. 
To find the sharp inequality, let us consider the example of the spatial Schwarzschild 
metric g tj = (l + cr 2 " n ) 4/ ' (n_2) on M = R n \ {0}, where c = 4(n _ 1 ^_ 1| . Since 
this manifold has two ends, what we really should do is impose the boundary condi- 
tions w — > for r — > and w — > 1 for r — > oo. The rotationally symmetric solution 
of Aw = with the given asymptotic boundary conditions is w(r) = (l + cr 2_n ) 
Now, a straightforward computation shows that 

4^/ \Vw\ 2 dV = 4(n- l)(?i-2)|5 n - 1 |c 2 / (1 + cr 2 ~ n )- 2 r 1 ' 11 dr = m (18) 

n JM Jo 

equals the ADM-mass of the end in consideration. This example motivates the 
following theorem. 

Theorem 2.6. Assume (M n ,gij) is a complete asymptotically flat manifold of order 
t > with nonnegative scalar curvature. Then there exists a unique positive 
solution of the equation 

(_^) A + R ) w = 0j (19) 



G 



with w — > 1 at infinity. If moreover M is spin or n < 7, then we have the lower 
bound 

m ADM (g) > J \Vw\ 2 + Ru?) dV. (20) 

Proof. The proof is closely related with the article by Zhang-Zhang [22], so we will 
be rather sketchy. The first part of the theorem follows from the fact that R > by 
assumption. Now consider the conformal metric g = w^'( n ~ 2 'g. Note that R(g) = 
and that (M,g) is asymptotically flat. We compute 

m ADM (g) = m ADM (g) - ^-2) }^ / 9 r wdA (21) 

J St 

= m A DM{g) - J (f^lV^I 2 + Rw 2 ) dV, (22) 
and the claim follows from the positive mass theorem applied to g. □ 

Remark 2.7. It is interesting to observe that Kato's inequality for Witten's spinor 
becomes sharp in L 2 in the limit n — > oo. 

Remark 2.8. It is straightforward to generalize Theorem 2.6 to manifolds with mul- 
tiple ends. The asymptotic boundary value is one at the end in consideration and 
zero at the other ends. In particular, this improves Bray's lower bound [3, Thm. 8] 

m ADM (g) > inf / 8\Vw\ 2 dV (n = 3), (23) 
Jai 

where the infimum is taken over all smooth functions with the boundary conditions 
just mentioned. More importantly, we get a non-zero lower bound even in the one- 
ended case if the scalar curvature does not vanish identically. 

As an application of Theorem 2.6 we give a Ricci flow proof of the following rigidity 
statement in the positive mass theorem: 

Theorem 2.9. Assume (M n ,gij) is a complete asymptotically flat manifold of or- 
der n — 2 with nonnegative scalar curvature, and that M is spin or n < 7. Then 
Tn A DM(g) = implies that (M,g) is isometric to M. n . 

Proof. Suppose towards a contradiction that Rc 7^ somewhere. Consider the Ricci 
flow g(t) starting at g. The flow exists for a short time and preserves R > 0, the 
asymptotic flatness, and m A DM [9, 16]. In fact, from the evolution equation 

d t R = Aii + 2|Rc| 2 (24) 

we see that R becomes strictly positive. Thus, together with Theorem 2.6 we obtain 

m ADM (<?) = m ADM (g(t)) > 0, (25) 

a contradiction. So (M, g) is Ricci-flat, and it is easy to conclude that it is in fact 
isometric to R". □ 

Remark 2.10. As mentioned in the introduction, the ideas discussed in this section 
motivate our mass decreasing flow in dimension three [11]. 
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